Abstract. Using the link between mod p Galois representations of Q and mod p modular forms established by Serre's Conjecture, we compute, for every prime p ≤ 1999, a lower bound for the number of isomorphism classes of continuous Galois representation of Q on a twodimensional vector space over Fp which are irreducible, odd, and unramified outside p.
Introduction
Let p be a prime number and F p an algebraic closure of F p , the finite field with p elements. Let G Q denote the absolute Galois group of Q, with respect to the choice of an algebraic closure Q of Q. An important consequence of (the level one case of) Serre's Modularity Conjecture is the following finiteness theorem Theorem 1.1. There are only finitely many isomorphism classes of continuous representations ρ : G Q → GL 2 (F p ) that are irreducible, odd, and unramified outside p.
Continuity in this context means that ρ has open kernel, compactness of
G Q implies that ρ has finite image, and there exists a finite extension F(ρ) of F p for which a model of ρ over F(ρ) can be found. The statement obtained from the Theorem replacing F p by a finite subfield F was known to be true classically as a consequence of the Hermite-Minkowski Theorem. The point of Theorem 1.1 is that for every prime p one can find a finite subfield F of F p so that all the representations considered can be realized over F.
Let R(p) denote the non-negative integer defined by Theorem 1.1. From the refined version of Serre's Conjecture one immediately sees that R(p) is bounded from above by a function U (p) whose behaviour with p is p 3 /48 + O(p 2 ) (cf. section 3). Professor Khare had raised the question of whether 1 this upper bound give the correct asymptotic of R(p) (cf. [8] , §8), in our
University of Utah thesis we conjectured a positive answer to his question.
The conjecture predicts that congruences modulo p between characteristic zero eigenforms of weight k ≤ p + 1 are "rare" and that, moreover, the mod p Galois representations of Q associated to classical cusp forms of level one tend to be irreducible and wildly ramified at p.
In the computations presented here we collected a lower bound L(p) of with the implementation of the algorithm and the production of the table was vital for me. I heartily thank him for his kindness and availability.
Generalities
In this preliminary section we adopt a very utilitarian point of view and recall all the results that we need from the theory of modular forms (both classical and mod p) and their associated mod p Galois representations.
For more details on modular forms on SL 2 (Z) and their Hecke operators the reader can consult [10] . For an exposition of classical theorems linking mod p modular forms to Galois representations, as well as some more recent important development, the papers [3] and [4] are standard references. We prefer not to say anything about Serre's Conjecture here. Instead, we will constantly keep this important theorem in the back of our mind as the motivation for studying systems of Hecke eigenvalues arising from modular forms mod p.
Let M k denote the space of classical modular forms of weight k on the group SL 2 (Z), and let M 0 k be its cuspidal subspace. Denote by M k (Z) (resp. M 0 k (Z)) the submodule of M k (resp. M 0 k ) given by forms f whose expansion at infinity has integer coefficients. It is a basic fact that these submodules define integral structures, meaning that the natural inclusions
Let p be a prime number. Following [12] , we define the space M k (F p ) of modular forms mod p of weight k on SL 2 
. If p > 3, then these definitions agree with the geometric definitionsà la Katz ([7] , Theorem
1.8.2).
For an integer n > 0, the n-th Hecke operator on the space M 0 k is denoted by T n , without reference to the weight k. The Hecke operators all commute with each other, and if ℓ 1 , . . . , ℓ r are the primes dividing n, the operator T n can be written as a polynomial in the T ℓ 1 , . . . , T ℓr with coefficients in Z.
By definition, the Hecke ring T 0 k is the subring of End C (M 0 k ) generated by all the operators T n , for n > 0, and the Hecke algebra (T 0 k ) C is the smallest C-subalgebra of End C (M 0 k ) containing all the T n 's. For every n, the operator T n is a semi-simple endomorphism preserving the integral structure M 0 k (Z), moreover the algebra (T 0 k ) C acts on M 0 k with multiplicity one. As a consequence of these two facts one has Theorem 2.1. There exist number fields K i , for 1 ≤ i ≤ r, with rings of integers O i , and an injective ring homomorphism
A system of eigenvalues arising from M 0 k is a collection (a ℓ ) of complex numbers, indexed by all the primes ℓ, so that there exists a nonzero form f ∈ M 0 k for which T ℓ (f ) = a ℓ f , for all ℓ. One can show that there is a bijection between systems of eigenvalues arising from M 
If Φ = (a ℓ ) ℓ =p is any system of eigenvalues mod p, one can find a nonzero form f ∈ M 0 k (F p ) giving rise to Φ that is an eigenvector for T p . Therefore there is a ring homomorphism λ Φ :
k . The p-th eigenvalue a p , and hence the morphism λ Φ , is not unique in general, for this reason we had preferred to not include it in the definition of eigensystem mod p. However it can be shown that uniqueness holds if the weight k is not too large with respect to p: By a classical result of Eichler, Shimura and Deligne, to any mod p system of eigenvalues Φ one can attach a continuous, semisimple Galois representa-
which is odd, unramified outside p, and that is characterized by the equalities
for all primes ℓ = p, where Frob ℓ is a Frobenius element of G Q at ℓ.
If h ∈ Z ≥0 is a nonnegative integer then it follows from the theory of the θ-operator on mod p modular forms that the collection (ℓ h a ℓ ) ℓ =p is a system of eigenvalues arising from M 0 k+h(p+1) (F p ), that will be denoted by Φ (h) . We have
p is the mod p cyclotomic character, and Φ (h) is usually called the h-fold twist of Φ.
The following theorem is due to Tate and Serre. It has been generalized to higher levels by Jochnowitz (cf. [6] ) and Ash-Stevens (cf. [2] ).
In this weight range, and when ρ Φ is irreducible, two theorems of Deligne and Fontaine say that the semisimplification of local representation (ρ Φ ) p , obtained by restricting ρ Φ to a decomposition subgroup D p < G Q at p, is determined by the (unique) a p eigenvalue associated to Φ (cf. [3] ). We only point out that a p = 0 if and only if (ρ Φ ) p is reducible.
Let Φ be a system of eigenvalues mod p, and assume that ρ Φ is irreducible.
Since we are working with modular forms of level one, the local representation (ρ Φ ) p is ramified and one observes that (ρ Φ ) p is semisimple if and only if it is tamely ramified. There is a criterion for deciding when this happens.
Theorem 2.4. Let Φ be a system of eigenvalues arising from M 0 k (F p ), where 2 ≤ k ≤ p + 1, and so that ρ Φ is irreducible. Then (ρ Φ ) p is tamely ramified if and only if one of the following holds
From the description of (ρ Φ ) p given by the theorems of Deligne and Fontaine, and from an elementary analysis of the θ-cycle of Φ (cf. [5] ), one sees that condition i) in the theorem is equivalent to (ρ Φ ) p be irreducible.
In the hardest case when (ρ Φ ) p is reducible, the criterion was conjectured by Serre and proved by Gross (cf. [4] ).
Computations
Let p be any prime number, and let E Irr (p) be the set of all systems Φ = (a ℓ ) ℓ =p of Hecke eigenvalues mod p arising from M 0 k (F p ), for some k, so that the associated Galois representation ρ Φ is irreducible. By the level one case of Serre's Conjecture, proved by Khare in 2005 (cf. [9] ), the cardinalty of E Irr (p) is equal to the integer R(p) defined in the Introduction.
According to Theorem 2.3, any eigensystem Φ admits a twist in the weight range 2 ≤ k ≤ p + 1. Since the number of systems of eigenvalues mod p
Let U (p) be the upper bound for R(p) given by the inequality above. Using the well-known formulas for dim C (M 0 k ), one finds that there is a degree 3 polynomial F α (x) ∈ Q[x], depending only on the residue class α of p mod 12, and unique if p > 3, so that F α (p) = U (p). Letting p grow to infinity, one finds that
Professor Khare had raised the question of whether this estimate give the correct asymptotic behaviour with p of R(p) (cf. [8] , §8), in our thesis we were led to conjecture a positive answer to his question. The difficulty of this conjecture is in producing lower bounds for R(p). In this direction, the best result known today is due to Serre, who showed in an unpublished correspondence with Khare that R(p) is bounded from below by a function of the type cp 2 + O(p), for a constant c > 0.
In our computation, for all p ≤ 1999, we obtain a lower bound L(p) for R(p) which is displayed in the table at the end of the paper together with U (p) and with the ratio (U (p) − L(p))/p 2 . In the range explored the ratio (U (p) − L(p))/p 2 is close to zero, putting in evidence the tendency for R(p)
to approach U (p).
We are going to explain in details how we computed L(p). The theoretical basis of the method is provided by the commutative algebra explained in the last two sections of this paper. We adopt some of the notation established there. So that, for example, δ R denotes the discriminant of a finite S Q -ring R (cf. section 4).
Let k be an even integer in the range {2, . . . , p + 1} and let E(p, k) be the set of mod p systems of Hecke eigenvalues Φ appearing in the space
. Consider the following subsets of E(p, k), defined in terms of the Galois representations ρ Φ associated to Φ.
Notice that there are the following disjoint unions (cf. section 2):
and, for k ≤ p + 1, there are natural bijections
From Theorem 2.4 we deduce the formula
In order to estimate |E Irr (p)| = R(p) from below we compute, for 2 ≤ k ≤ p + 1, the values of |E(p, k)| and |E Eis (p, k)|, and an upper bound for
3.1. Computation of |E Eis (p, k)|. This is the simplest quantity to compute, at least when k ≤ p + 1, thank to the following criterion. 
Proof. A possible proof can be carried out using a filtration argument. The details can be found in ( [12] , §3.2 i)), where a proof in the case k < p − 1 is given. The proof there extends to the cases k ≤ p + 1, mainly thank to the 
In this case p does not divide the index of Z[T r ] in its integral closure inside
Notice that the integer f (r) p is simply the degree of the largest square-free factor of the reduction mod p of h r (x).
As stated in the proposition, the subring has nonzero discriminant and satisfies the numerical condition
appearing in second part of the proposition, then we will say that the Hecke
Of course the proposition can only be useful if one disposes of an Hecke operator T r so that δ r = 0, which amounts to the requirement that the eigenvalues of T r acting on M 0 k be pairwise distinct. This condition is perhaps not too restrictive since in all known cases h r (x) is even irreducible, for r > 1.
Consider all pairs (p, k), where p is a prime number ≤ 1999, and k is an even integer ≤ p + 1 so that M 0 k is nonzero. For each such pair, we had looked for the least integer r, with 1 < r < 20, so that T r acting on M 0 k is a p-good Hecke operator. In the table below we describe for how many pairs (p, k) a given r with 1 < r < 20 had such property. We found that n k − |E(p, k)| is always < 3, and the number of times the values 0, 1 and 2 are attained are described by the next table, which gives an idea of how rare congruences are in this setting.
The 8 pairs (p, k) for which we are unable to find a p-good Hecke operator acting on M 
, and there is no example of a mod p congruence between two distinct eigensystems arising from M 0 k caused by the fact that the order T 0 k is not maximal at p. In other words, all the mod p congruences between distinct characteristic zero Hecke eigensystems arising from M 0 k that we had found can be explained in terms of ramification properties above p of the components of T 0 k ⊗ Q.
An upper bound for
, and we will bound these two sets separately. In order to bound the size of E p−split (p, k) (resp. E p−irr (p, k))
we need to estimate how often there exists a system of eigenvalues Φ arising The integer e p (h, j) is a measure of the congruences mod p between the roots of h(x) and j(x). It is zero if and only if the reduction mod p of h(x) and j(x) have no common roots F p . 
Proof. Let Φ be a system of eigenvalues arising from M 0 k (F p ) so that ρ Φ is irreducible. By the tameness criterion established by Gross, the restriction of ρ Φ to a decomposition group at p is decomposable if and only if there exists a system of mod p eigenvalues (b ℓ ) arising from M 0 p+1−k (F p ) so that
for all primes q = p. In particular, setting q = ℓ, we see that
where e p (h, j) is the linking number at p of the polynomials h(x) and j(x).
The proposition follows.
Similarly we have 
For any given prime ℓ = p, the two propositions provide an upper bound for |E p−split (p, k)| and |E p−irr (p, k)|. We computed these estimates for ℓ = 2 and 3 and kept the smallest values so obtained. In the special case where Let E p−split,nd (p, k) be the subset of E p−split (p, k) of all the eigensystems Φ so that Φ = Φ (p−1)/2 . Out of the 136873 pairs (p, k) considered, we found that E p−split,nd (p, k) is empty in 136706 cases, furthermore its cardinality never exceeds 3.
Of the 299 many primes p with 11 ≤ p ≤ 1999, we found that for 224 many of them there are no mod p Galois representations that are irreducible, odd, 2-dimensional, unramified outside p, non-dihedral and so that the local representation at p is decomposable.
For what concerns the other class of tamely ramified representations, we report that |E p−irr (p, k)| is zero in 136696 cases, and it is always < 5. In the range considered, for 218 many primes p there are no mod p Galois representations of the type considered so that the local representation at p is irreducible.
If p is a prime for which we know that E p−split,nd (p, k) and E p−irr (p, k)
are empty for all k ≤ p + 1, then our method lead to the exact value of R(p). This happens for 164 many primes, they appear in the table with the symbol * typed next to the corresponding value L(p) in the second column.
3.4. The dihedral case. Let Φ be a system of mod p eigenvalues arising from M 0 k (F p ) so that ρ Φ is of dihedral type, meaning that the projective image G of ρ Φ in PGL 2 (F p ) is isomorphic to a dihedral group C n ⋊ Z/2Z, where C n is a cyclic group of order n ≥ 2 and the nontrivial element of Z/2Z acts on C n by inversion. Since ρ Φ is, by definition, semisimple, it follows that any representation ρ Φ of dihedral type acts on F Remark 3.9. For a prime p ≡ 3 mod 4, a consequence of the proposition is that if ℓ is a prime that is not a quadratic residue mod p, then the
Using this simple fact we succeed in computing the value of |E(p, k)| in the few cases where we were not able to apply the criterion of Proposition 3.2.
Discriminants of S Q -rings
In the next two sections we describe the theoretical basis of our computations by working in an axiomatic setting. In this section we introduce a special class of rings generalizing orders of number fields and recall definition and basic properties of their discriminant. ii) R ⊗ Q is isomorphic to a product of fields.
The rank of R is its rank as Z-module.
Condition ii) can be replaced by ii)' R is reduced; without affecting the notion just introduced. Our motivation for considering finite S Q -rings is that the Hecke ring T 0 k is of this type (cf. Theorem 2.1). It is clear at once that if R is a finite S Q -ring, and R ′ ⊂ R is a subring of finite index, then R ′ is itself a finite S Q -ring of the same rank as R.
Furthermore, the product of finitely many finite S Q -rings is also a finite Let R be any finite S Q -ring of rank n, and regard it as a subring of R ⊗ Q via the injection a → a⊗1. The Artin ring R⊗Q decomposes as the product finitely many local Artin rings
and the factors of the decomposition are in correspondence with its prime ideals. By assumption, every K i is a field, necessarily finite over Q; we have
The ring extension Z ⊂ R is finite and therefore integral. It follows that the integral closureR of R in R ⊗ Q coincides with that of Z. Therefore, if R i denotes the ring of integers of K i , we see that
Moreover R has finite index inR, since the ranks of both rings equal to dim Q (R ⊗ Q). We have shown Proposition 4.2. Any finite S Q -ring R is isomorphic to a finite index subring of the product of the rings of integers R i 's of finitely many number
The discriminant δ R of a finite S Q -ring R is defined to be the determinant of the bilinear form
where, for a ∈ R, tr(a) denotes the trace of the Q-linear map
given by multiplication by a ⊗ 1. It is easy to show that
where the sum is extended to all the ring homomorphisms σ : R → Q.
If R is the ring of integers of a number field K, then δ R coincides with
The discriminant is multiplicative on any finite products of finite S Qrings, and if R ′ ⊂ R is a subring of finite index d, then δ R ′ = δ R d 2 . In particular δ R = 0 for any finite S Q -ring R, since δ K = 0 for any number
is a monic, square free polynomial of discriminant δ h , then δ R h = δ h (cf. [11] , Theorem 8).
Discriminants and F p -valued points of Spec(R)
The goal of this section is to prove Theorem 5.5 which, for a finite S Qring R, gives a lower bound for the number of F p -valued points of Spec(R), in terms of the p-adic valuation of the discriminant of R. We also obtain a criterion (Proposition 5.6) which gives a sufficient condition for the index of a monogenic subring Z[T ] ⊂ R to be prime to p.
For a prime number p, let ν p denote the additive p-adic valuation of Q p , normalized so that ν p (p) = 1.
Lemma 5.1. Let R be the ring of integers of a number field K of degree n over Q and of discriminant δ K . If p is any prime, let f p be the number of
Moreover, equality holds if and only if p is tamely ramified in R.
Proof. For a prime p of K above p, let f p and e p denote, respectively, the inertial degree and ramification index associated to p. There is the wellknown formula (cf. [13] , I §5, Prop. 10)
where the sum is extended to all the primes of R above p.
Let K p be the completion at p of K and p rp be the different of the local extension K p /Q p . We know that (7) r p ≥ e p − 1, and equality holds if and only if p is tamely ramified (Serre, loc. cit. III, §6). The p-part of the discriminant δ K is the product of the norms of the fractional ideals p rp of K, as p ranges among the prime ideals of R above p (Serre, loc. cit. III, §5). Therefore we have
Taking in account formula 6 and the inequality 7, we have
Moreover, equality holds if and only if every p is tamely ramified above p, that is if and only if p is tamely ramified in K. Observing that p f p = f p concludes the proof of the lemma.
We deduce two corollaries that follow from the proof of lemma 5.1.
Proof. Assume that p is not tamely ramified in K, then there exists a prime p 0 of R above p so that p|e p 0 and, in the notation used in the proof of lemma 5.1, r p 0 > e p 0 − 1. In particular
By the proof of lemma 5.1, we obtain
which completes the proof of the corollary.
Corollary 5.3. If ν p (δ K ) = 1 then there exists exactly one prime p 0 of R that lies above p and that is ramified. We have e p 0 = 2, f p 0 = 1, and
Proof. By assumption ν p (δ K ) = 1 ≤ p − 1, therefore corollary 5.2 ensures that p is tamely ramified in R. Applying lemma 5.1 we obtain that the number f p of distinct F p -valued points of Spec(R) is
and the last part of the corollary follows. To see the first part, observe that f p is equal to the sum f p of the inertial degrees of the primes of R of residual characteristic p. But since f p = n − 1, we easily see that formula 6 forces the existence of exactly one ramified prime above p, say p 0 , and for which, moreover, we must have e p 0 = 2 and f p 0 = 1.
In order to prove theorem 5.5 we need the following Lemma 5.4. Let R ′ ⊂ R be an extension of finite S Q -rings so that R ′ has finite index d in R. Let f p and f ′ p be the numbers of F p -valued points of, respectively, Spec(R) and Spec(R ′ ). Then
Proof. The extension R ′ ⊂ R is finite, therefore integral, and any where I = pR ∩ R ′ is the ideal of R ′ given by the contraction of (p) ⊂ R,
and R ′ /I may be identified with an F p -subalgebra of R/pR.
The cokernel of ι is an abelian group isomorphic to (R/R ′ )/p(R/R ′ ), we have
If n (resp. n ′ ) is the dimension of R/pR (resp. R ′ /I) over F p , then the previous inequality implies
Let √ 0 (resp. √ 0 ′ ) be the nilradical ideal of R/pR (resp. R ′ /I), and let (R/pR) red (resp. (R ′ /I) red ) be the reduced ring associated to R/pR (resp. R ′ /I). We have the following exact sequences of F p -vector spaces:
Now, the injection R ′ /I ֒→ R/p induces the inclusions
Therefore there is a natural morphism between the exact sequences above, from the lower to the upper one, described by three inclusions. If r (resp. r ′ ) is the dimension of √ 0 (resp. √ 0 ′ ), then we have
and this completes the proof of the lemma.
Lemma 5.1 generalizes as follows
Theorem 5.5. Let R be a finite S Q -ring of rank n as Z-module. If p is any prime number, let f p denote the number of F p -valued points of Spec(R).
Then
Moreover, equality holds if and only if the index of R in its integral closurẽ R in R ⊗ Q is prime to p and p is tamely ramified in each component of
Proof. By lemma 5.1, the inequality expressed by the proposition is satisfied when R is the ring of integers of a number field K. Note that the integers f p and ν p (δ R ), viewed as functions of R, are additive with respect to finite product of S Q -rings. Therefore the inequality
holds for any finite S Q -ring R that is isomorphic to a finite product of rings of integers R i of number fields K i , i.e. the inequality of the proposition is proved for any finite S Q -ring R that is integrally closed in R ⊗ Q. In this case the second part of the proposition follows immediately from Lemma 5.1.
Let now R be any finite S Q -ring, letR ⊂ R ⊗ Q be its itegral closure, and let d be the (finite) index [R : R]. Iff p denote the number of F p -valued points of Spec(R), then lemma 5.4 applied to the extension R ⊂R says that
We have seen that the proposition holds forR, therefore
Since δ R = δRd 2 we have
and therefore
completing the proof of the first part of the proposition. Now if p divided d, then inequality (8) would certainly be strict and, consequently, f p would be strictly greater than n − ν p (δ R ).
The following proposition is a consequence of Theorem 5.5 and Lemma 5.4
and gives a criterion for counting the number of 
In this case p does not divide the index
The characteristic polynomial h(x) of T ∈ R alluded to in the proposition is the monic characteristic polynomial of the endomorphism of the Q-vector 
